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Abstract. In this paper we establish a formula for the average 
of representation numbers of ternary quadratic forms in a spinor 
genus over a totally real number field. 

The significant fact about the formula is the fact that it is given 
in terms of local quantities.-^uch a formula has akpady been estab- 
lished by Kneser I i Hsia 1 77' and Schulze-Pillot ITU" by a different 
method. 



1. Introduction 

The problem which motivates this work is that of calculating the 
representation numbers for ternary forms. For a ternary form Q with 
integral coefficients over a totally real field F and an integer m the 
representation number rQ(m) is the number of integral solutions to 
Q(x,y,x) = m. 

Recall the well known Seigel formula which gives a weighted sum of 
representation numbers rq. for forms Q\ . . . Q t in a genus of quadratic 
forms. Roughly speaking, a genus of quadratic forms is a finite collec- 
tion of forms which are equivalent over all completions F v . The weights 
in the sum are given by the size of stabilizers 0(Qi) of the forms in a 
certain group which permutes the forms in a genus. The Seigel formula 
is 

where the factors (3 V are local densities which are calculated over the 
completions F v . 

Let x = Xk for k6F x be a quadratic character of A x /F given by 
the product of Hilbert symbols x( a ) = EL( — K ' a v)v Our formula differs 
from the Seigel formula by the presence of a twist by a certain such x- 
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Where as in the case of the Seigel formula, the right hand side is given 
in terms of locally calculated factors fo jV . Furthermore, only a finite 
collection of the factors f 0>v is not identically 1 so the product is in 
fact finite. The hi are elements of the group H := GSpin(V) which 
permutes the forms Qi and v : H(A) — > Al/A*' 2 is the reduced norm 
which in this case is also the spinor norin\2\. 

The composition of x with the spinor norm v, lifts x t° a character 
of H(A). Those x f° r which (JT^j) is valid must be constant on the 
stabilizers 0(Qi) of the forms Qi. The subsets of hi . . . h t for which 
v(hj) = v{hj) form spinor genera and evidently x ov is really a character 
of the group which permutes the spinor genera. Thus the characters 
X for which iJT^j) invalid form a finite group which indexes the spinor 
genera in a genus l|zj. 

By summing over the formulas for all such characters we can use 
finite group Fourier inversion to obtain the partial sums over the spinor 
genera. That is, we can obtain expressions of the form 



1.3) R(Spn(Q),m):=]T 



r Q\ m ) 

\0(Qi) 



J^J(local data) 



where the sum is over the spinor genus of Q. 
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suggesting significant improvements to this paper. 



2. Notation and Basic Definitions 



We will generally follow the notation in |T2j. Let F be a number 
field and O its ring of integers. Let A = Af be the ring of adeles of F 
and denote a completion of F by F„. Let cxj : F — > K i = 1 ... ad he 
the real embeddings of F. Also, fix a totally positive quadratic form 
Q G F[xi,x 2 ,x 3 ] with integral coefficients. 

Let V be the quadratic space F 3 with a basis e±, e 2 , e 3 and let Q also 
denote the quadratic form on V defined by Q{a\e\ + e 2 t> 2 + e 3 f 3 ) = 
Q(a\, a 2 , a 3 ). A full rank Lattice L C V with basis {/i, Z 2 , Z 3 } defines a 
quadratic form Q L 6 F[xi,x 2 ,x 3 ] by Qi(ai, a 2 , a 3 ) = Q(aiA + a 2 / 2 + 
a 3 / 3 ). In fact, a lattice L corresponds to a set of integrally equivalent 
forms which correspond to different choices of a basis for L. Evidently, 
the lattice L := 0{ei, e 2 , e 3 } gives rise to integral equivalence class of 
the form Q. For an integer m G O, the number of points x G O 3 such 
that Q(x) = m is called the representation number of m with respect 
to Q and is denoted by rg(m). Notice that the representation numbers 
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of integrally equivalent lattices are equal and therefore lattices are the 
correct objects to consider when looking for representation numbers. 

genlat Definition 2.1. Let L C V be a lattice of full rank. The genus of L is 
the set of lattices K C V such that the local lattices K v :— K ® O v and 
L v := L ®O v are isometric with respect to Q for all local places v. 

note the the local equivalence does not mean that L is isometric to 
K over F. 



Definition 2.2. Let Qi and Q 2 be two quadratic forms corresponding 
to two lattices L\ and L 2 . Q\ and Q 2 belong to the same genus of forms 
(or simply a genus) if the lattices L\ and L 2 belong to the same genus. 

A convenient way to describe the genus of L is as the orbit of the 
Adelic orthogonal group of (V,Q), 0(A) under the action L — ► hL for 
h = (h v ) G 0(A), where hL <S> O v = h v L v . The stabilizer of L under 
this action is denoted by Oa(Aj) an d 0(A) can be decomposed as the 
coset space 



decomp I (2.1) 0(A) = U| =1 O(F)/i i O A (L ). 



The hi in this decomposition are the representatives of the lattices in 
the genus of Lq which we denote by Lj := hi ■ Lq for i = 1 . . . t. The 
corresponding forms are denoted by Qi := hi ■ Q. 

For every ternary quadratic form Q, there is a quaternion algebra 
Quat(a, b) := B(F) such that, with the right basis, Q is a multiple of±he 
reduced norm of the algebra on the space of trace zero quaternions T3J. 
We let B be the algebra that corresponds to the form Q which we fixed 
and identify V with the space of trace zero quaternions. The group 
H(A) := B X (A) acts on V(A) C B(A) by conjugation h ■ x = hxh' 1 . 
This action identifies A X \H(A) with S0(3)(A). 

There are two possible isomorphism classes of the local algebras B„ = 
B(F V ). For almost all v we have B^ ~ M 2 (F V ), the algebra of 2 x 
2 matrices in which case B„ is called unramified. At a finite (even) 
number of places v, the algebra B„ is isomorphic to a division algebra 
and we say that B^ is ramified. 



Definition 2.3. The spinor norm 6 : 0(F. U ) — > F X /(F X ) 2 or 6 : 
0(F) — ► F X /(F X ) 2 Ipj will be used to denote the spinor norm regard- 
less of the underlying field. With the identification we made between 
A\H(A) and S0(3)(A) the spinor norm for h v G S0(3)(F„) is Q{h v ). 
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3. The Calculation 

3.1. fr^ial Formula. The basic set up for our calculation is the same 
as in \T2\ and [Syr We use a lift of a one dimensional automorphic rep- 
resentation (automorphic character) from the group 0(A) to the group 
SL^A). We will then use the correspondence between automorphic 
forms and classical modular forms (see l|l]) compare Fourier coefficients 
and extract the arithmetic information. 

Let x be a quadratic character of A x given by the product of Hilbert 
symbols x( a ) — Xk,{o) = Tl v (a v , —k) v for some k6F x determined up 
to a square class. The automorphic character of 0(A) is an extension 
of the composition X ° Q ■ A X \H(A) ~ S0(3)(A) -> {±1}. 

Recall that the representation corresponding to the character x° Q 
is a space of automorphic forms on SL^A), each constructed from an 
integral of a Schwartz function / G <S(V(A)) multiplied by a theta 
kernel. The function / which gives rise to the modular form from 
which we extract information is given by / := H v f v . For every finite v 
the factor f v is the characteristic function of L 0iV and at the real places 
we define foo( x ) — exp(— 27rtrace(Q(x))). 

Definition 3.1. Let uj be the Weil representation of SL^A) on the 
space (S(V(A)). The theta kernel defined for a Schwartz function f G 
«S(V(A)) a group element g G SL2(A) and an h G 0(A) is 

9v{g,h,f):= ^fih-'x) 

cc£V(F) 

With that we can define the theta lift of the character x° Q 

Definition 3.2. In the lift of the automorphic character x ° Q the 
Schwartz function f gives rise to the automorphic form of g G SL 2 (A) 



©/(X ° Q){g) ■= P Q(h)6 v (g, h, f)dh 

^0(F)\0(A) 

In order to benefit from the decomposition of 0(A) (p^.l)) the char- 
acter x must be compatible with Q in the following way: 



compat Definition 3.3. The form Q and the character x = Xk are sa ^d to be 
compatible if 

(1) Q represents an element in the square class of k overF and 

(2) for every h G Oa(Lq) we have x(Q(h)) = 1, i.e. 9(Oa(L ) C 
ker(x K ) 
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Remark 3.4. x ^ s compatible with Q if and only if it is compatible 
with all the forms in the genus of Q. Therefore we would sometimes 
say that Q is compatible with the genus rather than with Q. 

The modular form from whose Fourier coefficients contains the in- 
formation we seek is the following. 

Definition 3.5. For Z = (z%, . . . , Zd) G TL d where Ti is the upper half 
plane and d — |F : Q|. For m 6 F the trace trace(m,2) is given by 

d 

trace(mz) = jT] aj{rri)Zi 
i=i 

where o~i : F — > K. are the different embeddings ofF in M.. Using that, 
we define the function 

9q(Z,L ) = exp(27utrace(Q(a;)Z)). 

This function is a modular form of weight (3/2, . . . ,3/2) and it is 
not too hard to see that its Fourier expansion is 

(3.1) 9q(Z,Lq)= rQ(m) exp(27utrace(m)Z). 

As in the calculation in \~TZ\, when the character x is compatible with 
Q we get that for g = (g^, 1 . . .) 

9/(xoQ)(g)=t m ( ni E ^(^oo)exp(-2 7 rtrace(Q(x))) 



- \0%L 



where 0(/ijLo) is the finite group of integral automorphisms of the 
lattice hiL . Next we have as in the bottom of page 3 in \T2\ that the 
corresponding modular form is 

^(xoQ)(z)^±^o qA z,l o) 

(3.2) = E r Ql (m)exp(27rztrace(m)Z) 

i=i |UWiJI meo 



In the notation of ft) J, equation (|3.2)l is the modular form correspond- 
ing to the automprphic form Iy(x, f) where / = /x defined above. The 
main result of IjS] is that 

h(xJ) = Iv(t*,fo) 

Where iuC/^/o) is an automorphic form coming from the lift of the 
character \x from the one dimensional space U. Therefore we would 
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onedim 



like tc^jdescribe fo) and the modular form corresponding to it. 

From ft) J we have that 



(3.3) 



where ujq is the Weil represen 
<S(U(A)). Another result of 



ation of SL 2 (A) on the Schwartz space 
E] is that the function f Q = H v fo^ v 



is 



defined by the factors f 0v G iS(U(F„)) given by the local equation 



varphiO (3.4) /, 



0,v\ 



\r\vXv(r) 



f(rh 1 • x Q )xv(Qv(h))dh 



T, (F„)\H(F„) 



Where the element Xq is any vector in V(F) such that Q(xq) is in the 
square class of k, the quantity that defines x an d is the stabilizer 
of xq in H(F^). Jfft io such x exists then f 0jV = for all v. 

To simplify (jO)! we need to calculate f 0:V for all v. For x G V, at 
almost all places Xo tV G L ,„ but for r ^ O v we have rx ^ L 0tV . In 
additiD^n, at almost all places Xv an d B„ are unramified and by lemmas 
39 in f> (the fundamental lemma) we get that f ^ is the characteristic 
function of O v at all such places. In addition, by lemma 36 in f^, at 
places v where B^js ramified, if \x\ v is small enough then fo, v {x) = 0. 
Furthermore, by ljo| we have that for foo(x) 
Q is positive clefinite we get /o,oo(^) = Texp 
together with (p. 3)1 and evaluating at g = (g, 



exp{—27rQ(x)) when 
27TKr 2 ). putting that 



1 I 



we get that 



C 



Iv(v, fo){g) = ^2 II foA x )\ x \<x> u a(9<x>) exp(-27rtrace(ra 2 )) 

x€OvGS 

Where S is the finite set of non archimedean places which include the 
dyadic places and where fo is not the characteristic function of O v . 
Note also that the expression is up to scalar C which depends on the 
normalization of the measure on H(A). 

If we consider the modular form we obtain, from the above automor- 
phic form we get that 



(3.5) 8/(xoQ)(Z) = ~J>| 



I J fo, v (x) exp(27ritrace(KX 2 )Z) 



IKS, 



In Rbl it is proved that 
comparison of (j!3.hjl with 



^defined above is even, using that and a 
we get our result: 



Theorem 3.6. Let Q be an integral quadratic form with latticeL^uch 
that Q is compatible with x = Xn ^ n the sense of definition k.M Then 
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res 



res-spn 



when-compat 



for m G O 
(3.6) 



t 



Cploo ELes fo,v( x ) 



m 



KX 







mg«(F*) 2 



Where S is the finite set of non archimedean places which includes the 
diadic places and places where the space V v is not split or the character 
Xk is ramified. 

3.2. Averages Over Spinor Genera. It is possible to use formula 
{p q) and others like it to obtain information about the average number 
of representations over a spinor genus. Recall that two forms Qi and 
Qj are in the same spinor genus if and only if the rotation relating 
them is in the kernel of the spinor norms, i.e. Q{h itV hj tV ) G (F*) 2 for 
all v. This means that x is constant on each spinor genera and the sum 
in (|Ej P ^) breaks up into sums over the different spinor genera. 
(3.7) 



£x(G(*;))R(Spn(g;.; 



TO 




fo,v( X ) 



TO 



TO 



x\2 



where we have relabeled h'j as the representatives of the spinor genera 
Q' r .= h' r Q 3 = l. ..I. 

The number of spinor genera in a genus corresponds ta_the number 
of elements of the Abelian group G = R/ ST defined in p. 209. It 
is immediate from the definition of G that its characters correspond to 
characters wMchSjPtisfy the second condition of compatibility with Q 
in definition 13.31 Furthermore. The characters of G are quadratic and 
therefore they all correspond to Xn 3 for some Kj G F x . 

From the definition of fo tV we can see that a character x of G is 
comp atible with the form Q if and only if the right hand side of equation 
(tl.Vj) is not identically 0. Whether or not xilLcompatible with the 
genus, there will be I equations of the form of with x being one of 
Xki frp^X tfa^ 01 those Xkj which are not compatible, the right hand side 
of (|h.y|) wnl be zero but in any case the orthogonality relations of the 
characters of G allow us to solve for each one of the R(Spn(Qj), to) for 
all to G O and j = 1 . . . I. For the sake of clarity is should be said 
that the question of compatibility is, only relevant because it tells us in 

JESS SPQ 

which cases the right hand side of (jl3. /]l is already known. 

Lemma 3.7. When F = Q the character x = Xn 3 (is above is always 
compatible with the form Q. When F ^ Q, checking the condition of 
compatibility reduces to checking for compatibility at the diadic places. 
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Proof. It is a fact that Q represents an element from the square class 
of Kj if and only if Kj is locally represented at all places. The question 
of local representability of Kj almost always follows from the second 
condition of comr^atibilitvpf Q and Xn y The spinor norms of SO(3)(F„) 
are given in ||f Iffl] and |T and they allow us to verify that at least at 
the odd primes, when 9(SOf v (L 0jV )) C ker(% K ) then k is represented 
by L 0tV . 

When we restrict to F = Q then we can also verify the above condi- 
tion at Q2 when a or b which define the quaternion algebra Quat(a, b) 
are units. Therefore, at least over Q, when 2 does not divide a or b, 
then all the characters of G are compatible with the genus. □ 

It is the author's intention to carry the calculation further in a follow 
up paper. In particular, it is possible to transform the orbital integrals 
defining fo jV into line integrals and .simplify them significantly. It is 
also possible to use the formulas in Ipfe to simplify the local densities 

A, 

In some situations (when the spinor genera consist of a single class) it 
is possible to use this result even to obtain formulas for representation 
numbers of individual forms. 



4. Example 



We start with the form 



fill (4.1) 



Qi(x,y,z) 



Ax 2 + IQy 2 + 64z 2 . 

IKME 



Using the Kneser neighbqi; p niethod Ipy implemented by a computer 
program of Schulze-Pillot l |llj we get that the genus of this form has 
one additional form 



fq2] (4.2) 



Q 2 {x, y, z) = 20x 2 + I6xy + I6y 2 + I6z 2 



8. In order to find a character compatible 
consider the set 9(SC>Q v (L 0tV )) for every v. 



and |O(Q0| = \0(Q 2 )\ 
with the form we need 
Thege are described in |3] and IJ2J. In particular, lemma 3.3 p. 208 
in n2j says that for the form Q, at all odd primes v, 9(SOq v (Lq iV )) = 
O* (Q^) 2 . This means that in order for a character \ R to be compatible 
with the form Q it must be trivial on 0*(Q*) 2 for all odd v. That is, 
(—k, a) v = 1 iff ord(a) is even, i.e. ord(— k) is also even. The spinor 
noims of the stabilizers of the lattice over Q2 is given by theorem 2.7 
in |4r and in our case it is equal to the kernel of xi- Therefore the 
character \ = xa is trivial on the stabilizer of the lattice and since Q± 
represents , 4 p t he character is compatible with Qi. Tg further evaluate 
equation (OTo| we use the 'fundamental lemma' of [& which says that 
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ressimp 



f02 



trans 



resf in 



whenever Lq jV is a split lattice and the character \ K is unramified then 
fo }V is the characteristic function of O v . The lattice of the form Qi is 
split at all odd primes and the character xa is unramified at all odd 
primes. Therefore for the genus of two forms Q\ and Q 2} equation (JSjjty 
becomes. 



(4.3) 

where 
(4.4) 

/0,2(z) 



r Qi 



m 



r Qa (m) 




F 2 



We can simp} 
pendence of 
then 

(4.5) 



-1,2)2 / Char Lo2 (x/i 1 ■ x )x2(Q2(h))dh 

■/T a , (Q 2 )\H((Qi) 

the evaluation of equation bv noticing the de- 

on x. It is not hard to see that if n is an odd number 

fo,2( UX ) = (~ 1 i n )2fo,2(x) 



Next, it is clear that neither of the forms Q\ or Q 2 can repre sent o dd 
numbers. These observations give us the right hand side of (pO|i for 
all integers m = 2 J n for n odd all odd powers j as well as_j„ = 0,2. 
For the remaining even powers of j we use lemma 5.11 in |6] which 
says that at a prime v where x is 11011 trivial and the lattice L 0tV is 
non split (such is the case at v = 2 in this example) then / ,2(2 : 'Vi) 
vanishes for large enough j. The value j such that f 0j2 (2 l n) = Igr 
all / > j can be determined following the proof of lemma 5.11 in mj. 
The condition for vanishing is that if v G V(<Q>2) and Qi(v) = 2% 
then v G ^0,2- In our case this amounts to verifying that the solutions 
to 4a 2 + 16(3 2 + 647 2 = 2% must be 2-adic integers for all j > 6. 
The remaining cases of m = 4, 16 are calculated by directly calculating 
= 0, r ga (16) = 4, r Ql (4) = 2, ;r Ql (16) = 4. Using equation 
this gives that 8C/o,2(2) = 1 and 8C/o,2(4) = and we finally get 

that 



(4.6) 



h (m) -r Q2 {m) 



2n(-l,2n) 2 




m = An 2 for odd n 
otherwise 



We can combine (J4.o|) and the Seigel formula (jll.ij) to find expressions 
for rQ 1 (m) and rQ 2 (m) which depend only on local calculations. The 
Seigel formula for the genus in this example is 



sgex I (4.7) 



r Qi M + r Q 2 ( m ) = 2 II Pv (m) 
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Where the product is taken over all primes. The (3 v (m) are the Lp^al 
densities defined by Seigel and they were calculated explicitly in [T5j. 
Thus we have obtained the following 



(4.8) r Ql (m) 
and 

(4.9) r Q2 (m) 



n(-l,2n) 2 + 2U v Pv(m) 
2 11, AH 



211, AH 
2 lit, AH 



-l,2n) s 



m = 4n 2 for odd n 
otherwise 



m = An 2 for odd n 
otherwise 



These formulas give the representation numbers in terms of local factors 
but we can do a little better with a recursion formula and reduce the 
calculation to a finite number of factors. First of all, the product of 
the archimedean factors is given as Cy/m where C is some constant 
which does not depend on m. Next, In the notation in p5j /3 v (m) = 
a v (m,S) where S is the gram matrix of the form Q\. It follows from 
the definition of the local densities that if m 6 Z* then j3 v {u 2 m) = 



(3 v (m). Therefor we obtain that if d 
primes pi . . . p r then 



2ki 2k 2 

Pi P 2 



for distinct 



(4.10) YlPv{dm) = VdJl 

v i=l 
r 

(4.H) =^n 



AhH 

P K (dm) 



n&H 

V 

r Ql (m) + r Q2 (m) 



P 



and our final formulas are 
(4.12) 

W2I1Ll%S*H 



r Ql (dm) 



and 
(4.13) 

r Q2 {dm) = 
where R(m 



= r Ql {m) + r Q2 (m) 



dm = An 2 for odd n 
otherwise 



m = 4n 2 for odd n 
otherwise 
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